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Outline of AI 3.0

ÅModule 1: True Foundation of Visual Intelligence

ÅModule 2: Visual Knowledge Representation

ÅModule 3: Visual Knowledge Perception

ÅModule 4: Visual Knowledge Computation

ÅModule 5: Visual Knowledge Applications
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ABOUT NTU
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Remember NTUôs Vision é

House of Talent

Hub of Global Impact
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Remember NTUôs Mission é

House of Talent

Builder

Hub of Global Impact
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Education is to help citizens to fulfill their missions 
on Earth, which include: to understand the world 
and to improve the world é
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ABOUT YOU
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Remember your mission as MAE 
undergraduates é

ÅYou are here to grow your knowledge 

and skills so as to be able to design 

machines with controllable behaviors 

and hopefully in some intelligent 

ways.
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How to fulfill your mission?
Å To apply learnt knowledge and skills into the implementation of the 

following universal blueprint underlying all the intelligent machines 

or systems.

Systems

Under Control

Actual

Workspace

Control

Modules

Sensory

Modules

Planning

Modules

Digital

Workspace

Userôs 

Instructions

+

-

Perception

Modules

Automation / Control Loop

Autonomy / AI Loop
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ABOUT COURSE



Nanyang Technological University

11(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Two Big Questions é

ÅHow to achieve automation?

ïTo apply the theory of control

ÅHow to achieve autonomy?

ïTo apply the theory of mind
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Two Big Dilemmas é

ÅTop-Down Design versus Bottom-Up Optimization

ïShould the creatures in the universe be the outcomes 

of designs by Designers or the outcomes of natural 

evolution by Optimizers?

ÅMind-Centric Approach versus Brain-Centric Approach

ïDoes intelligence arise from Mind or from Brain?
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Dilemma versus Common Sense é

Intelligence

Human 

Intelligence

Machine 

Intelligence

Mind-Centric 

Intelligence

Brain-Centric

Intelligence

Computational

Intelligence

Artificial

Intelligence

Computer-Aided

Human Intelligence

Mind-Centric 

Intelligence

(AI 1.0 and AI 2.0)

(AI 3.0)
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Why to study visual intelligence?
Å The motivation is to 

achieve machineôs 

self-intelligence.

Å More specifically, we 

aim at achieving the 

transformations from 

visual signals to 

cognitive states of 

knowing the 

meanings inside the 

visual signals.

Physical World

Human Languages

Conceptual Worlds

Properties Constraints

Knowledge

Natural Sciences Social Sciences

Human Intelligence

Computer-Aided Intelligence
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òWe are living inside an ocean of signalsó

Å One Tool

Å Two Worlds

Å Three Intelligences

Å Four Pillars

Keys of AI
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Visual Signals

Roadmap of 

Visual Intelligence

What to learn?

1. Image Acquisition

2. Image Processing

From 2D Images to   

2D Scene 

From 2D Images to   

3D Scene

Vision

ActuatorsController

Sensors

Decisions
AI-Integrated Applications

Inverse Kinematics
Scenes

Signals

knowledge knowledge knowledge

Signals

Actions

Signals

Signal Ą Knowledge

Knowledge Ą Knowledge

Knowledge Ą Signal

Multiple AI Pipelines

knowledge knowledge

Knowledge

Representation

True Foundation of AI

1. Computing Geometry

2. Computing Fuzziness

3. Cognizing Knowledge

4. Recognizing Knowledge

knowledge

Lights      Photometry     Geometry     Conceptual Meanings
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How to study visual intelligence?

Å To put yourselves into the mindset of designers of intelligent systems:

ïWho are the users? (any machine with intelligence inside)

ïWhat are the needs of users? (to transform visual signals into knowledge)

ïWhat are your intelligent systems? (to spell out the functionality)

ïWhat are the solutions behind the design of your intelligent systems?
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How to apply?

Å You could use MATLAB to quickly apply:

ïWhat you have read

ïWhat you have heard

ïWhat you have learnt

Practice

Practice

Practice

MATLAB = No.1 AI Software

Should Seeing be Believing?

(Rapid Prototyping Software)

We are more affected by Beliefs than by Truths.
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Should Seeing Be Believing?
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Terminology Alert é

1. Image properties at the lowest level include continuities and 

discontinuities. Hence, there are two types of pixels which are color 

pixels and edge pixels. These are the identities of pixels at the 

lowest level. 

2. Therefore, ñhow to transform pixels into their identities?ò is the so-

called problem of symbol grounding in visual intelligence.

3. As a result, symbol groundings include symbol grounding of color 

pixels and symbol grounding of edge pixels.

4. Symbol grounding of color pixels is a process of sense-making 

which transforms pixels into common-sense or inner-sense of 

colors.

5. Symbol grounding of edge pixels is also a process of sense-making 

which transforms pixels into common-sense or inner sense of 

curves.

6. The combinations of colors and curves create meaningful patterns.
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Todayôs Lectures é

ÅModule 1: True Foundation of Visual Intelligence

ÅModule 2: Visual Knowledge Representation

ÅModule 3: Visual Knowledge Perception

ÅModule 4: Visual Knowledge Computation

ÅModule 5: Visual Knowledge Applications
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School of Mechanical & Aerospace Engineering

Design, Machine, Control, Intelligence

Visual Knowledge Computation

XIE Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie 

òWe are living inside an ocean of signalsó

What is a system with intelligence inside?

Module 4

MA4829 Machine Intelligence

AI 3.0

http://personal.ntu.edu.sg/mmxie
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Outline of Module 4

Å Lecture 1: 

ïGeometry-Driven Computation

Å Lecture 2:

ïFuzziness-Driven Computation

Å Lecture 3:

ïCognition-Driven Computation

Å Lecture 4:

ïRecognition-Driven Computation

Å Lecture 5:

ïComputation Using Monocular Vision

Å Lecture 6:

ïComputation Using Binocular Vision

Cognition

Recognition

KnowNet
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Outline of Module 4

Å Lecture 1: 

ïGeometry-Driven Computation

Å Lecture 2:

ïFuzziness-Driven Computation

Å Lecture 3:

ïCognition-Driven Computation

Å Lecture 4:

ïRecognition-Driven Computation

Å Lecture 5:

ïComputation Using Monocular Vision

Å Lecture 6:

ïComputation Using Binocular Vision
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XIE Ming, PhD (France)
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òWe are living inside an ocean of signalsó

What is a system with intelligence inside?

Lecture 1 of Module 4

MA4829 Machine Intelligence

AI 3.0

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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Outline of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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What is knowledge?

The knowledge about an entity consists of:

ïProperties

ïConstraints

ïBehaviours

Å The knowledge from images includes:

ïPhotometry

ïGeometry
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What is knowledge space?

Å Knowledge space refers a space of super-high dimension in which 

each location represents a knowledge vector such as:

ὑ ὯȟὮ πȟρȟςȟσȟȣȟὔȟὭ ρȟςȟσȟȣȟὓ

Ὧ

Ὧ

Ὧ
Ὧ

Ὧ
Ὧ

é

é

A Knowledge Vectorôs Profile of 

Coordinate Distribution
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Outline of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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Understanding 2D Geometry (1)
Å 2D geometry refers to the appearance of physical entities in a 

two-dimensional space, or 2D space in short.

Å 2D space consists of a set of positions which are fully 

determined with two coordinates. 

X

Y

O
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Example of Geometry in 2D Scene 
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Example of Geometry in 2D 
Image
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Understanding 2D Geometry (2)

Å The appearance of 

physical entities in a 2D 

space is manifested in the 

form of shapes.

X

Y

O
2D Scene2D Image

u

v
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Understanding 2D Geometry (3)

Å Complex shapes in a 2D space are the results of compositional 

rules such as:

ïConnect Between Points(point of shape 1, point of shape 2) at 

Angle(angle between shape 1 and shape 2)χ

ÅConnectPointsAtAngle(point, point, angle)

ïConnect Between Curves(curve of shape 1, curve of shape 2) 

with Offset(distance between the endpoints of two curves):

ÅConnectCurvesAtOffset(curve, curve, offset)

Intersection at Points

Intersection at Curves

(Why to use the terminology of generative AI? What is not generative?)
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Example

Å Connect Between Points(A, B) with Angle(60º)

* A

* A

* B
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Example

Å Connect Between Points(A, B) with Angle(45º)

* A

* B

* A
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Example

Å Connect Between Lines(C1, C2) with Offset(d)

C1

C1

d
C2
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Understanding 2D Geometry (4)

Å The sum of inner angles of a 2D polygon is equal to (N-2) x 180 

degrees.
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Understanding 2D Geometry (5)

Å The geometry of physical entities in a 2D space also includes 

their positions, orientations and travelled locations (i.e. motions).

2D Image 2D Scene
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Understanding 2D Geometry (6)

Å The spatial locations travelled or to be travelled are called 

paths.
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Example of Paths of a Mobile 
Baseôs Two Wheels é
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Understanding 2D Geometry (7)

Å The spatial locations with time constraint are called 

trajectories (i.e. equations of motions).
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Example of Trajectories of Three 
Moving Platforms é
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Example of Trajectories of a 
Humanoid Robotôs Arm é
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Example of Trajectories of a 
Vehicleôs Body é

Y

X
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Two Types of Parameters in 
Geometry

Å Pose: 

ï It refers to positions 
and orientations of 
entities with respect to 
a Global Coordinate 
System.

Å Shape:

ï It refers to outlines of 
entities with respect to 
Local Coordinate 
Systems assigned to 
these shapes, 
respectively.

globalX

globalY

globalO

localX

localY

localO

localX

localY

localO

localX

localY

localO
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Representation of Positions in 2D 
Space without Time Constraints

),( yxr =
C

globalY

globalX
globalO

localX

localY

localO

localX

localY

localO

Ὢὼȟώ π

Position Vector

Function
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Representation of Positions in 2D 
Space with Time Constraints
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Representation of Orientations in 2D Space

X

Y

O

Robotôs Base
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This is the orientation at time t, as the 

result of the change of orientation from time t0 to time t.
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Example
Å What are the orientations of the mobile base at times t1 and t2?

Å Answer:

X

Y

O

Robotôs Base

1q

2q

Robotôs Base

A

11)( qq =t

22)( qq =t
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Example of Homogeneous Transformation 
Between Robot Frame and World Frame

Xw

Yw

Ow

Robotôs Base

—

Ὄ
ÃÏÓ— ÓÉÎ— ὼ
ÓÉÎ— ÃÏÓ— ώ
π π ρ

Ὄ
ÃÏÓ— ÓÉÎ— ὼ
ÓÉÎ— ÃÏÓ— ώ
π π ρ

ὼ
ώ

ÃÏÓ— ÓÉÎ—
ÓÉÎ— ÃÏÓ—

ὼ
ώ

Ὄ Ὄ Ὅ

This is the pose of the robot frame 

with respect to the world frame
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Representation of 
Line - Type Shape 
in 2D Space 

LocalX

LocalY

LocalO

baxy +=

ὥὼ ὦώ ὧ π

ὼȟώ

Or:

ὥὼ ὦώὧ ρ

Or:
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Representation of Circle - Type Shape 
in 2D Space 

LocalX

LocalY

LocalO

ὼ ὧ ώ ὧ ὶ

ὧȟὧ

r
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Representation of Curve - Type 
Shape in 2D Space 

[ ] 0
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Any curve could be approximated 

by a series of interconnected line 

segments or curve segments.

Next Slide
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Example of Using 
Splines é

ώ ὥὼ ὦ

ώ ὥὼ ὦὼ ὧὼὨ
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Representation of Curve - Type Shape

Data Structure of 2D Point

typedef struct 

{

 short     u, v ;

 double  x, y ;

} 

2DPoint ;

Data Structure of 2D Curve

typedef struct

{

 2DPoint point_list[];

 short      number_point;

 short      curve_type;

}

2DCurve;
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Outline of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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Three Questions é

ÅWhat are the available 

input?

ÅWhat are the expected 

outcomes?

ÅWhat are the solutions 

which will produce the 

expected outcomes from the 

available input?
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Challenge: How to obtain input?

The general approach consists of two steps:

Å Edge Detection

Å Edge Linking

Color Image Ą Edge Image Ą Curve Samples

Challenge
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How to transform color 
image into edge 
image?

Å Edge Detection Algorithm:

 Step 1: Compute Horizontal Edges.

 Step 2: Select the local maxima along the vertical axis

                          as the edge pixels.

 Step 3: Compute Vertical Edges.

 Step 4: Select the local maxima along the horizontal axis

                          as the edge pixels.

 Step 5: Combine all the edge pixels to form the output.
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void EdgeDetection(void)
{
 int  i, j, v ;
 
 // Compute Horizontal Edges
 memset(gpBuffer1, 255, 512*512) ;
 for (i = 1 ; i < 511 ; i++)
 {
      for (j = 1 ; j < 511 ; j++)
      {
  v = abs(gpBuffer0[(i-1)*512+j-1] + pBuffer0[(i-1)*512+j] +  gpBuffer0[(i-1)*512+j+1] -
               gpBuffer0[(i+1)*512+j-1] - gpBuffer0[(i+1)*512+j] - gBuffer0[(i+1)*512+j+1]) ;
  if (v >= 255) gpBuffer1[i*512+j] = 0;
  if (v > 35 && v < 255) gpBuffer1[i*512+j] = (unsigned char) (255 - v) ; // change it to negative edge map
      }
 }
 SelectMaximaAlongColumn() ; // select local minima negative edge-map

 // Compute Vertical Edges
 memset(gpBuffer2, 255, 512*512) ;
 for (i = 1 ; i < 511 ; i++)
 {
      for (j = 1 ; j < 511 ; j++)
      {
  v = abs(gpBuffer0[(i-1)*512+j-1] + gpBuffer0[(i)*512+j-1] + gpBuffer0[(i+1)*512+j-1] -
               gpBuffer0[(i-1)*512+j+1] - gpBuffer0[(i)*512+j+1] - gpBuffer0[(i+1)*512+j+1]) ;
  if (v >= 255) gpBuffer2[i*512+j] = 0 ;
  if (v > 35 && v < 255) gpBuffer2[i*512+j] = (unsigned char) (255 - v) ; // change it to negative edge map
      }
 }
 SelectMaximaAlongRow() ; // select local minima in negative edge-map

 // Display Horizontal Edges
 
 // Display Vertical Edges
 
 // Combined Edgemap
 memset(gpBuffer0, 255, 512*512) ;
 for (i = 0; i < 512*512 ; i++)    
                                   if (gpBuffer1[i]  == 0 || gpBuffer2[i] == 0) gpBuffer0[i] = 0 ; // combine local minima in negative edge-map
 
}

Sample Program of Doing Edge Detection é

*
+1    0   -1 

+1    0   -1 

+1    0   -1  

*
+1   +1  +1 

0    0    0 

-1   -1   -1  

Ideal horizontal edge

Ideal vertical edge

Set output edge-mapôs background to be white
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static SelectMaximaAlongColumn() // select local minima in negative edge-map
{
 int           i, j, v ;
 unsigned short temporaryBuffer[512*512] ;
 
 // step 1: smoothing in vertical direction
 memset(temporaryBuffer, 255*5, 512*512) ;
 for (i = 2 ; i < 512 - 2; i++)
 {
      for (j = 0 ; j < 512; j++)   // compute weighted sum
      {
  temporaryBuffer[i*512+j] = 1*gpBuffer1[(i-2)*512+j] + 
                         2*gpBuffer1[(i-1)*512+j] + 
                                                                                              3*gpBuffer1[i*512+j] +
                         2*gpBuffer1[(i+1)*512+j] +
                                                                                              1*gpBuffer1[(i+2)*512+j] ;
      }
 }

 // step 2: select local minima in vertical direction
 memset(gpBuffer1, 255, 512*512) ;
 for (i = 2 ; i < 512 - 2; i++)
 {
      for (j = 0 ; j < 512; j++)
      {
  v = temporaryBuffer[i*512+j] ;
  if ( v < temporaryBuffer[(i -2)*512+j] && 
                                                      v < temporaryBuffer[(i -1)*512+j] &&
                                                      v < temporaryBuffer[(i+1)*512+j] &&
                               v < temporaryBuffer[(i+2)*512+j])
                                               {
   gpBuffer1[i*512+j] = (unsigned char) 0 ;  //use 0 as minimum value
  }
      }
 }
}
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static SelectMaximaAlongRow() // select local minima in negative edge-map
{
 int           i, j, v ;
 unsigned short temporaryBuffer[512*512] ;
 
 // step 1: smoothing in horizontal direction
 memset(temporaryBuffer, 255*5, 512*512) ;
 for (i = 0 ; i < 512; i++)
 {
      for (j = 2 ; j < 512 - 2 ; j++)  // compute weighted sum
      {
  temporaryBuffer[i*512+j] = 1*gpBuffer2[i*512+j-2] + 
                                                                                              2*gpBuffer2[i*512+j-1] +
                         3*gpBuffer2[i*512+j] + 
                                                                                              2*gpBuffer2[i*512+j+1] + 
                                                                                              1*gpBuffer2[i*512+j+2] ;
      }
 }

 // step 2: select local minima in horizontal direction
 memset(gpBuffer2, 255, 512*512) ;
 for (i = 0 ; i < 512; i++)
 {
      for (j = 2 ; j < 512 - 2 ; j++)
      {
  v = temporaryBuffer[i*512+j] ;
  if ( v < temporaryBuffer[i*512+j-2] &&  
                                                      v < temporaryBuffer[i*512+j-1] &&
        v < temporaryBuffer[i*512+j+1] &&
        v < temporaryBuffer[i*512+j+2])
  {
   gpBuffer2[i*512+j] = (unsigned char) 0 ; //use 0 as minimum value
  }
      }
 }
}
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Example of 
Results

Input Image

Vertical Edges Horizontal Edges

Combined Edges

Note:

Edge-Maps 

with White 

Background
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How to transform edge image into 
curve samples?

Main idea of doing edge linking:

Å Scan input image of edges. 

Å If edge pixel at (i,j) is unlabeled, label it and define it as the currently 

labeled pixel. 

Å From the eight neighboring locations of (i,j), choose an edge pixel 

according to a user-defined condition (e.g. nearest to the center of 

unlabeled edges within a window). 

ï If such a pixel exists, label it and define it as the currently-labeled 

edge pixel, and repeat the procedure of edge linking; 

ïOtherwise, a curve sample has been traced (i.e. found) and 

labeled. Repeat the procedure of scanning the input image of 

edges.
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Illustration of Linked Edges (i.e. Curve 
Samples)
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An Edge Linking Algorithm é

Step 1: Initialize the label-map and set the label variable to 1 (n = 1). 

Step 2: Scan the edge-map row by row and column by column.

Step 3: If encounter an unlabeled edge-pixel, define it as the current edge-pixel. 

                Compute the estimated center of unlabeled edges within a window 

                which is centered at the current edge-pixel. 

Step 4: Assign the label ñnò to the current edge-pixel. Now, this edge is labeled. 

Step 5: Find all the unlabeled neighbors around the current edge-pixel. 

                If there is no unlabeled neighbor, a curve sample has been found and go to Step 7.

Step 6: Among the unlabeled neighbors, choose the one which is the nearest edge to the

                estimated center. Define it as the new current edge-pixel. 

                Repeat Step 4, Step 5 and Step 6.

Step 7: Increment the label (n = n + 1) and continue from Step 2.

255  255  255   255  255   255  255

255  255    0       0     255   255  255

255    0    255   255     0    255  255

255    0    255   255  255     0    255

255    0    255   255  255     0    255

255  255     0      0       0    255   255

255  255  255   255  255   255  255

Xie M . and Thonnat M. 1992, An Algorithm for Finding Closed Curves, Pattern Recognition Letters, Vol. 13, No. 1, pp. 73-81.
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Program of Doing 
Edge Linking é

/* assuming that the pixel values of all the edge pixels are ñ0ò */

unsigned char edgemap[512*512] ;
unsigned char labelmap[512*512] ;

static  int         cx, cy ;           /* the estimated center of unlabeled edges       */
static  int         newx, newy ;  /* the location of next ñcurrent edge-pixelò     */
static  double  min_distance ;
static  int         sx, sy ;

static  void  ComputeCenterWithinWindowAt(int x0, int y0)
{
           /* update the centerôs coordinates (pcx, pcy) */
}

static  void  VerifyNextUnlabeledEdge(int x, int y)
{
          /* verify the neighbor whether it is the nearest one to (pcx, pcy) */
}

static void  LinkEdge(int x, int y, int n)
{
         /* recursively link the edge-pixels */
}

main(int argc, char **argv)
{
         int    x,  y, n ;

         n = 1 ;   sx = 10 ;      sy = 10 ;            // set the size of window to be 10x10
         memset(labelmap, 255, 512*512) ;   // clear the content of labelmap 
         
         for (y = 1 ; y < 511 ; y++)
                 for (x = 1 ; x < 511 ; x++)
                        if (edgemap[y*512+x] == 0 && labelmap[y*512+x] == 255)
                        {
             ComputeCenterWithinWindowAt(x, y);     
             LinkEdgeAtCurrentLocation(x, y, n) ; // do edge linking
                                    n++ ;
                         }
}

255  255  255   255  255   255  255

255  255    0       0     255   255  255

255    0    255   255     0    255  255

255    0    255   255  255     0    255

255    0    255   255  255     0    255

255  255     0      0       0    255   255

255  255  255   255  255   255  255

255  255  255   255  255   255  255

255  255   255  255   255  255   255

255  255  255  255   255  255   255

255  255  255  255   255   255  255

255  255  255  255   255   255  255

255  255  255   255   255  255   255

255  255  255   255  255   255  255

Edge-Map

Label-Map

Encounter an Unlabeled Edge
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static  void  ComputeCenterWithinWindowAtCentre(int x0, int y0)
{
           int  r, c, n ;
           // use unlabeled edges to compute the center inside window
           cx = 0 ; cy = 0 ; n = 0 ;
           for (r = -sy/2 ; r < sy/2 ; r++)  // r is the increment of row index
                    // c is the increment of column index
                    for (c = -sx/2; c < sx/2 ; c++) 
                             if (edgemap[(y0+r)*512+x0+c] == 0 &&
                                  labelmap[(y0+r)*512+x0+c] == 255)
      {
           cx = cx + x0 + c ;
           cy = cy + y0 + r ;
           n = n + 1 ;
       }
          if (n != 0)
          {
                 cx = cx/n ;
                 cy = cy/n ;
           }
}

static void  LinkEdgeAtCurrentLocation(int x, int y, int n)
{
           labelmap[y*512+x] = n ;    /*  assign label to the edge  */
         
           min_distance = 1000000.0 ;

           // Check what the next edge is to be linked
           VerifyNextUnlabeledEdge(x-1, y-1) ;   // neighbor 1
           VerifyNextUnlabeledEdge(x, y-1) ;      // neighbor 2
           VerifyNextUnlabeledEdge(x+1,y-1);    // neighbor 3
           VerifyNextUnlabeledEdge(x-1,y) ;       // neighbor 4
           VerifyNextUnlabeledEdge(x+1,y) ;      // neighbor 5
           VerifyNextUnlabeledEdge(x-1, y+1) ;  // neighbor 6
           VerifyNextUnlabeledEdge(x, y+1) ;     // neighbor 7
           VerifyNextUnlabeledEdge(x+1, y+1) ; // neighbor 8

            if (min_distance != 1000000.0)
                    LinkEdgeAtCurrentLocation(newx, newy, n) ;
}

static  void   VerifyNextUnlabeledEdge(int x, int y)
{
          double  distance ;
          // the candidate must be unlabeled edge
          if (edgemap[y*512+x] != 0 || labelmap[y*512+x] != 255) 
                 return ;

          distance = sqrt((cx - x)*(cx - x) + (cy - y)*(cy - y)) ;
          if (distance < min_distance) 
          { 
                        min_distance = distance; 
 newx = x ; 
                        newy = y ;
          }
}

(NOTE: This is called Dynamic Programming)
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What are the possible outputs 
from the process of edge linking?

ÅLinked Edges from Line Segments

ÅLinked Edges from Curve Segments

ÅLinked Edges from Circles

ÅLinked Edges from Ellipses

ÅLinked Edges from Closed Loops (e.g. triangles, 

rectangles, polygons, etc)
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Estimation of Equation of Line

Å Input:

ïA list of points as training set, which belong to a line.

Å Output:

ïThe coefficients of the equation of line

Å Solution: Least-Squares Method

ὥὼ ὦώ ὧ ρ

ὒὭίὸὼȟώȟὭ πȟρȟςȟȣȟὲ



Nanyang Technological University

72(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Solution
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Example

Å A line in a 2D space passes through two points: (2,3) and 

(10,8). What are the parameters of the line?

Å Answer:
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Exercises
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Example
Å A mobile robot moves on a floor by following a straight line. It passes 

point A(2.0, 2.0) (cm) at time t1 = 1.0 s, and point B(4.0, 7.0) (cm) at 

t2 = 3.0 s. What are the time functions representing the coordinates of 

the origin of the local coordinate system assigned to the mobile 

robot?

Å Answer:
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Estimation of Equation of Circle

Å Input:

ïA list of points as training set, which belong to a circle.

Å Output:

ïThe coefficients of the equation of circle

Å Solution: Least-Squares Method

ὼ ὧ ώ ὧ ὶ
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Solution
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Solution (continued)
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Solution (continued)
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Solution (continued)

ὼ ὧ ώ ὧ ὶȟὭ πȟρȟςȟσȟȣὲ

ὶ ὼ ὧ ώ ὧ ȟὭ πȟρȟςȟσȟȣὲ

ὶ
В ὶ

ὲ



Nanyang Technological University

81(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Example

Å What are the parameters of the circle shown in the figure?

Å Answer:
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Example
Å A mechanical gear is under visual inspection. If the tips of 

the gearôs three teeth are at the positions (x1, y1), (x2, y2) 

and (x3, y3), what are the parameters of the circle which 

envelopes the tips of all the teeth of the gear?

Å Answer:
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Outline of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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Understanding 3D Geometry (1)

Å 3D geometry refers to the appearance of physical entities in a 

three-dimensional space.

Å 3D space consists of a set of positions which are fully determined 

with three coordinates. 
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Understanding 3D Geometry (2)

Å The appearance of physical 

entities in a 3D space is 

manifested in the form of 3D 

shapes which are also called 

objects.

Y

O X
Z
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Example of Shapes in 3D Space

Å Intersections between 3D 

shape and planes will result 

in 2D shapes.

Å 3D shape has outer 

surface, inner surface and 

body between them.

Å 2D shape has outer edge, 

inner edge and body 

between them.
Y

O X
Z
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Understanding 3D Geometry (3)

Å Complex shapes in a 3D space are the results of compositional 

rules such as:

ïConnect Between Points(point of shape 1, point of shape 2) at 

Angle(angle between shape 1 and shape 2)

ïConnect Between Curves(curve of shape 1, curve of shape 2) 

with Offset(distance between the endpoints of two curves)

ïConnect Between Surfaces(surface of shape 1, surface of shape 

2) with Orientation(angle about normal to surface) and 

Offset(distance between the origins of two surfaces)

Intersection at Points

Intersection at Curves

Intersection at Surfaces

(Why to use the terminology of generative AI? What is not generative?)
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Example
Edge Lines 

Connected Between Points

Blocks

Connected Between Surfaces

Surfaces

Connected Between Lines
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Understanding 3D Geometry (4)

Å The geometry of physical entities in a 3D space also includes their 

positions, orientations and travelled locations (i.e. motions).



Nanyang Technological University

92(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Understanding 3D Geometry (5)

Å The spatial locations travelled or to be travelled are called paths.
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Understanding 3D Geometry (6)

Å The spatial locations with time constraint are called trajectories.
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Example of Robot Performing Motion 
with Time Constraint
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Two Types of Parameters in Geometry 

Å Pose: 

ï It refers to positions 
and orientations of 
entities with respect 
to a Global 
Coordinate System.

Å Shape:

ï It refers to surfaces of 
entities with respect 
to Local Coordinate 
Systems assigned to 
these shapes, 
respectively.
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Representation of Positions in 3D 
Space without Time Constraints
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Representation of Positions in 3D 
Space with Time Constraints
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Representation of Orientations in 
3D Space
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This is the orientation at time t, as the 

result of the change of orientation from time t0 to time t.
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Homogeneous Transformation
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Equivalent Axis and Angle of Rotation in 3D 
Space
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This is the orientation at time t2, 

as the result of the change of 

orientation from time t1 to time t2.
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Applications with Equivalent Axis and Angle 
of Rotation: Animation / Planning
Å Euler Equation:

Å Unit Axis of Rotation:

Å Angle of Rotation:

Å Unit Quaternion:

Å Rotation of Vector:
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More About Quaternion

Å Non-Unit Quaternion:

Å Unit Quaternion:

Å Sum of Two Quaternions:

Å Multiplication of Two Quaternions:

Å Equation of Rotating a Vector:
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Representation of Line - Type Shape 
in 3D Space
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Representation of Curve - Type Shape 
in 3D Space 
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Representation of Spherical Shape 
in 3D Space 

ὥὼ ὦώὧᾀὨ π

A 3D circle is the intersection between a sphere and a plane.

ὼ ὧ ώ ὧ ᾀ ὧ ὶ



Nanyang Technological University

106(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Representation of Plane - Type Shape (e.g. 
Rectangle or Triangle) in 3D Space
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How to compute the distance 
from a point to a plane?
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Example

Any surface could be approximated

by a matrix of Triangles or Rectangles

Next Slide
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One example é
Question: Given four points in 3D scene, could they be represented by a rectangle? 
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More examples é 

Question: Given three points in 3D scene, could they be represented by a triangle? 
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Representation of 3D Surface

Data Structure of 3D Point

typedef struct 

{

 short     u, v ;

 double  x, y, z ;

} 

3DPoint ;

Data Structure of 3D Surface

typedef struct

{

 3DPoint triangle_list[][3];

 short      number_triangle;

 short      surface_type;

}

3DSurface;
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Outline of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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Three Questions é

ÅWhat are the available 

input?

ÅWhat are the expected 

outcomes?

ÅWhat are the solutions 

which will produce the 

expected outcomes from the 

available input?
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Challenge: How to obtain input?

Lecture 6
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Estimation of Equation of Planar Surface

Å Input:

ïA list of points as training set, which belong to a planar surface.

Å Output:

ïThe coefficients of the equation of line

Å Solution: Least-Squares Method

ὥὼ ὦώ ὧᾀὨ ρ
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Solution
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Example

Å What are the parameters of the line which passes through 

points A(9,2,7) and B(4,8,10)?

Å Answer:
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Estimation of Equation of Spherical 
Surface

Å Input:

ïA list of points as training set, which belong to a spherical surface.

Å Output:

ïThe coefficients of the equation of circle

Å Solution: Least-Squares Method
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Solution
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Solution (continued)
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Solution (continued)
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Solution (continued)
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Example

Å You are given three points on a circle, what are the equations which 

are sufficient enough to determine the parameters of the circle. How 

to estimate the parameters inside the equations?

Å Answer:

22

1

2

1

2

1 )()()( rzzyyxx ccc =-+-+-

22

2

2

2

2

2 )()()( rzzyyxx ccc =-+-+-

22

3

2

3

2

3 )()()( rzzyyxx ccc =-+-+-

ὥὼ ὦώ ὧᾀρ π x axis

y axis
),,( 111 zyx

),,( 222 zyx

),,( 333 zyx

),,( ccc zyx

A

B C

D

Reference Coordinate System

(1)

(2)

(3)

(4)



Nanyang Technological University

124(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Solution

Å First step is to estimate the equation of supporting plane.

Å Second step is to estimate the center of the circle.

Å Final step is to estimate the radius.

Å Hint to first step:
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Summary of Lecture 1

Å Concept of Knowledge Space

Å Representation of 2D Geometry

Å Computation of 2D Geometry

Å Representation of 3D Geometry

Å Computation of 3D Geometry
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Outline of Module 4

Å Lecture 1: 

ïGeometry-Driven Computation

Å Lecture 2:

ïFuzziness-Driven Computation

Å Lecture 3:

ïCognition-Driven Computation

Å Lecture 4:

ïRecognition-Driven Computation

Å Lecture 5:

ïComputation Using Monocular Vision

Å Lecture 6:

ïComputation Using Binocular Vision

Cognition

Recognition

KnowNet
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School of Mechanical & Aerospace Engineering

Design, Machine, Control, Intelligence

Fuzziness -Driven Computation

XIE Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie 

òWe are living inside an ocean of signalsó

What is a system with intelligence inside?

Lecture 2 of Module 4

MA4829 Machine Intelligence

AI 3.0

http://personal.ntu.edu.sg/mmxie
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Outline of Lecture 2

Å Use of Natural Languages

Å Fuzziness of Natural Languages

Å Concept of Beliefôs Fuzzy Sets

Å Concept of Actionôs Fuzzy Sets 

Å Computation of Conceptual Knowledge

Å Computation of Control Signals
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Outline of Lecture 2

Å Use of Natural Languages

Å Fuzziness of Natural Languages

Å Concept of Beliefôs Fuzzy Sets

Å Concept of Actionôs Fuzzy Sets 

Å Computation of Conceptual Knowledge

Å Computation of Control Signals



Nanyang Technological University

130(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Landscape of Authentic AI é

Physical World

Human Languages

Conceptual Worlds

Properties Constraints
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What is a human language?

ÅHuman languages are tools for our sensory systems 
to encode knowledge perceived from the physical 
world.

ÅThe outcome of such encoding are texts which form 
the so-called conceptual worlds.

ÅTexts in conceptual worlds enable us to reconstruct 
(i.e., decoding) the knowledge in the physical world.
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There Are Two Purposes for Human 
Beings to Use Human Languages

ÅKnowledge Description (via Perception)

ïFrom physical world to conceptual worlds

ÅKnowledge Understanding (via Reconstruction)

ïFrom conceptual worlds to physical world

MIMO = Sum of MISOs = Sum of SIMOs

Issue of 

Fuzzification

Issue of 

Defuzzification
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Knowledge Description: Illustration

The Physical World

Knowledge

of entities

Conceptual Worlds

Texts

Description

Å Sense

Å Cognize

Å Recognize

Å Encode

Worlds of Beliefs Worlds of Truths

We are more affected by Beliefs than by Truths!

Issue of 

Fuzzification
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Process of Knowledge Description

It involves two steps:

ÅUse of sensory systems to sense, cognize, 

and recognize, the knowledge.

ÅUse of words, phrases and sentences to 

encode the cognized, or recognized, 

knowledge.
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Knowledge Understanding: Illustration

The Physical World

Knowledge

of entities

Conceptual Worlds

Texts

Description

Understanding

Å Decode

Å Recognize

Å Visualize

Å Simulate

(Person A)

(Person B)

(Machine C)

Worlds of Beliefs Worlds of Truths
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Process of Knowledge Understanding

It involves two steps:

ÅTo decode, or recognize, knowledge 

from texts.

ÅTo visualize, or simulate, the recognized 

knowledge in the physical world.
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Outline of Lecture 2

Å Use of Natural Languages

Å Fuzziness of Natural Languages

Å Concept of Beliefôs Fuzzy Sets

Å Concept of Actionôs Fuzzy Sets 

Å Computation of Conceptual Knowledge

Å Computation of Control Signals
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Example of Human - Robot Interaction 
Using Natural Language with Fuzziness é
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Clearly, the sensory systems of human beings 
could output accurate data to a certain extent 
(this is an advantage). For example, é

ÅA car is moving.

ÅA car is following another car.

ÅA car stops at a junction.

ÅThere is a pedestrian.

Carôs Size?

Carôs Speed?

Carôs Weight?
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It seems that our sensory systems intentionally 
produce fuzzy outputs (this is an advantage). For 
example, é

Example 1

Å A car is moving very fast.

Å A car is following another car 

closely.

Å That car is beautiful and large.

Å This car is powerful.

Example 2

Å That truck is heavily loaded.

Å That car is very noisy.

Å The street is very crowded.

Å The street-light is too dim.

Discussion: Is fuzziness about belief or vagueness?
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Challenges Faced by Authentic AI

ÅAll knowledge in the physical world are crisp.

ÅNot all knowledge in conceptual worlds are crisp 
(NOTE: this is an advantage). 

ÅChallenge 1: (Pillar No.2 of AI)

ïHow to transform crisp sensory data into fuzzy 
sensory beliefs or conceptual knowledge? 

ÅChallenge 2: (Pillar No.4 of AI)

ïHow to transform fuzzy linguistic instructions into crisp 
signals for action-taking or behavior-control?

Use of Beliefôs Fuzzy Sets

Use of Actionôs Fuzzy Sets



Nanyang Technological University

142(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Example of Fuzzy Set Associated with Belief ñRed Colorò

Å The sensory data 
(255, 0, 0) could 
trigger the belief of 
red color.

Å The sensory data 
(255, 1, 0) could 
also trigger the belief 
of red color.

Å The sensory data 
(255, 1, 1) could 
also trigger the belief 
of red color.
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Example of Fuzzy Set Associated with Belief ñTall Manò

ÅA tall man may refer to a man of 

the height of 1.80 m.

ÅA tall man may refer to a man of 

the height of 1.85 m

ÅA tall man may refer to a man of 

the height of 1.90 m

{A tall man} {Infinite Number of Instances of Height}

This is an advantage of doing knowledge compression!
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Outline of Lecture 2

Å Use of Natural Languages

Å Fuzziness of Natural Languages

Å Concept of Beliefôs Fuzzy Sets

Å Concept of Actionôs Fuzzy Sets 

Å Computation of Conceptual Knowledge

Å Computation of Control Signals
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Important Remarks

ÅThe sensory 

systems of human 

beings could not 

output crisp data.

ÅThe sensory 

systems of human 

beings output 

sensory beliefs.

MIMO = Sum of MISO

Issue of 

Fuzzification

Issue of 

Defuzzification

How is the traffic condition?
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Belief will affect us more than truth
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What is a sensory belief which is fuzzy?
Å It refers to a specific knowledge in terms of properties, constraints or 

behaviors, which is associated with a set of sensory data with certain 

degrees of belief. Such association is one-to-many association. One 

belief normally correspond to a set of sensory data (i.e., MISO).

possibility

possibility
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What is a beliefôs fuzzy set?

ÅAll the sensory data, 
which could trigger a 
same belief with different 
levels of possibility, 
consist of a beliefôs fuzzy 
set.

ÅHence, a beliefôs fuzzy 
set corresponds to a set 
of sensory data 
associated with 
possibility values.

Crisp Values of Sensory Data

Crisp Values of Sensory Data

MISO MISO MISO

MISO MISO MISO

MIMO = Sum of MISO

Very

Cold












































































































































































































































































































































































































































































































































































































































